Gravitational lensing by the light sphere of compact objects like black holes and wormholes will give us information on the compact objects. In this paper, we provide an improved strong deflection limit analysis in a general asymptotically flat, static, spherically symmetric spacetime.
I. INTRODUCTION
Gravitational lenses are a good tool to search the mass of dark gravitational objects between an observer and a source. Gravitational lenses under a weak-field approximation have been investigated with intensity [1] [2] [3] while gravitational lensing without the weakfield approximation has been also studied for a long time [4, 5] . In 1959 Darwin pointed out that faint images appear near a light sphere or a photon sphere [6] [7] [8] in the Schwarzschild spacetime [9] . Images lensed by a light sphere have been revived by several authors [6, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] and images near a light sphere of a Reissner-Nordstrom black hole [16, 24, 26, 27] , the Kerr black hole [28] [29] [30] [31] , braneworld black holes [32] [33] [34] , the other various black holes [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] , naked singularities [16, 22, 55, 56] , boson stars [57] [58] [59] , and wormholes [17, 56, [60] [61] [62] [63] [64] [65] [66] [67] [68] have been investigated.
In [16] , Bozza presented a formalism to obtain the deflection angle α(b) of a light in the whereā is a positive function andb is a function.
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The functionsā andb in the deflection angle in the strong deflection limit are one of the fundamental values characterizing a light sphere or the strong-gravitational region of a spacetime. Bozza clearly showed that the positions and the magnifications of images near a light sphere depend onā andb and the effect ofā andb on the separation and the magnification of images lensed by the light sphere of a supermassive black hole at the center of our galaxy might be measured in the near future [16] and then dozens of researchers have discussed them in various spacetimes. (See Refs. [14, 21, 23] for a numerical approach.) Holz and Wheeler have suggested the survey of light curves of light rays which are reflected by the light sphere of a black hole near the solar system [25] . The gravitational lensing is called retrolensing and the strong deflection limit analysis is useful to obtain retrolensing light curves [24, 27, 68, 69] . The effect of images appearing near a light sphere on microlensing 1 The order of the error term in the deflection angle presented by Bozza [16] was
Tsukamoto pointed out that the error term is underestimated [68] .
light curves also has been discussed in Refs. [54, 68, 70] . Finite-distance corrections to the deflection angle in the strong deflection limit have been investigated in [71] . Relations between the functionsā andb and quasinormal modes [72, 73] and high-energy absorption cross sections [74] have been considered.
Recently, Tsukamoto pointed out that a strong deflection limit analysis presented by Bozza [16] does not work in ultrastatic spacetimes and obtained a deflection angle in the strong deflection limit in an ultrastatic Ellis spacetime in trial-and-error methods [68] . Here we name a spacetime with a time translational Killing vector which has a constant norm ultrastatic spacetime.
The deflection angle in a strong deflection limit for Reissner-Nordström spacetime was obtained numerically for the first time by Eiroa et al. [26] . Then Bozza also calculated it numerically and claimed thatb cannot be calculated analytically in the deflection angle with the strong deflection limit analysis provided in Ref. [16] . Very recently, Tsukamoto and Gong obtained a deflection angle in the strong deflection limit analytically in Reissner-Nordström spacetime [27] .
In this paper, we reconsider the strong deflection limit analysis in a general asymptotically flat, static, spherically symmetric spacetime and provide a new formalism working well in ultrastatic spacetimes. We show also that we can obtainb analytically in the deflection angle in the Reissner-Nordström spacetime with the improved strong deflection limit analysis.
This paper is organized as follows. In Sec. II we obtain the formula of a deflection angle in the strong deflection limit in a general asymptotically flat, static, spherically symmetric spacetime. In Sec. III we apply the formula to the Schwarzschild spacetime, the ReissnerNordström spacetime, and the Ellis wormhole spacetime. In Sec. IV we summarize our result. In this paper we use the units in which the light speed and Newton's constant are unity.
II. DEFLECTION ANGLE IN THE STRONG DEFLECTION LIMIT
In this section, we give an improved method to obtain the deflection angle of a light ray in the strong deflection limit in a general asymptotically flat, static, and spherically symmetric spacetime. The line element is described by We assume that there is at least one positive solution of D(r) = 0, where
where ′ denotes the differentiation with respect to the radial coordinate r. We call the largest positive solution of D(r) = 0 the radius of a light sphere r m . We assume that A(r), B(r), and C(r) are finite and positive for r ≥ r m .
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The trajectory of a light is described by g µν k µ k ν = 0, where k µ ≡ẋ µ is the wave number of the photon and˙denotes the differentiation with respect to an affine parameter parametrizing the trajectory. The conserved energy E ≡ −g µν t µ k ν = A(r)ṫ and the conserved angular momentum L ≡ g µν φ µ k ν = C(r)φ are constant along it. We assume that E and L do not vanish. We define the impact parameter b as
Without loss of generality, we can assume θ = π/2 because of spherical symmetry. The trajectory equation is expressed as
2 In Ref. [16] , the following asymptotically-flat condition is assumed:
where M is the Arnowitt-Deser-Misner (ADM) mass. 3 In Ref. [16] , A ′ (r) > 0 and C ′ (r) > 0 for r > r m are also assumed. We extend a formalism presented by Bozza [16] to obtain a deflection angle in the strong deflection limit in ultrastatic spacetimes with
where the effective potential V (r) for the motion of a photon is defined as 12) where R(r) is given by
The motion of the photon is permitted in the region V (r) ≥ 0. Since we obtain lim r→∞ V (r) = E 2 > 0 from the asymptotically-flat condition (2.5)-(2.7), the photon can exist at infinity r → ∞. We assume that R(r) = 0 has at least one positive solution.
We consider that a photon approaches a gravitational object from infinity, is scattered at a closest distance r = r 0 , and goes to infinity. In the scatter case, r m < r 0 should be satisfied. Please note that r = r 0 is the largest positive solution of R(r) = 0 and that B(r) and C(r) do not diverge for r ≥ r 0 . Thus, V (r) vanishes at r = r 0 . Sinceṙ vanishes at the closest distance r = r 0 , from the trajectory equation (2.10), we obtain
Here and hereafter subscript 0 denotes the quantities at r = r 0 . Without loss of generality, we can assume that the impact parameter b is positive as long as we consider only one light ray. Since the impact parameter is constant along the trajectory, using Eq. (2.14), the impact parameter (2.9) can be expressed as
Using Eq. (2.15), we can rewrite R(r) into
We show a necessary and sufficient condition for the existence of a circular light orbit by following Hasse and Perlick [8] . We express the trajectory equation as
Differentiating Eq. (2.17) with respect to the affine parameter and then dividing it byṙ, we obtainr + 1 2 We define the critical impact parameter b c as 20) and name a limit r 0 → r m or b → b c strong deflection limit. The derivative of the effective potential V (r) with respect to r is given by 21) and, hence, we obtain
in the strong deflection limit r 0 → r m . This means that the light ray winds around the light sphere in the strong deflection limit.
The trajectory equation of a light is rewritten as 23) and the deflection angle α(r 0 ) of the light is obtained as
where I(r 0 ) is defined as
Introducing a variable z defined as
27)
4 In Ref. [16] , a counterpart z [16] of the variable z is defined as
We discuss the details of z and z [16] in Secs. III and IV.
I(r 0 ) is described by
where f (z, r 0 ) is defined as
where G(z, r 0 ) is given by
Since the expansions of a function F (r) and its inverse 1/F (r) in the power of z are given by
respectively, R(r) can be expanded in the power of z as
Using Eqs. (2.30)-(2.33), we obtain the expansion of G(z, r 0 ) in the power of z as
where c 1 (r 0 ) and c 2 (r 0 ) are given by
and
respectively.
In the strong deflection limit r 0 → r m , from D m = 0, we obtain
where
and, hence, we obtain
This shows that the leading order of the divergence of f (z, r 0 ) is z −1 and that the integral I(r 0 ) diverges logarithmically in the strong deflection limit r 0 → r m .
We separate the integral I(r 0 ) into a divergent part I D (r 0 ) and a regular part I R (r 0 ). We define the divergent part I D (r 0 ) as
where f D (z, r 0 ) is defined by
We can integrate I D (r 0 ) and obtain 
respectively, c 1 (r 0 ) in the strong deflection limit r 0 → r m is described by 
We define the regular part I R (r 0 ) as
where f R (r 0 ) is defined by
Please notice I(r 0 ) = I D (r 0 ) + I R (r 0 ). We expand I R (r 0 ) in powers of r 0 − r m and we concentrate on the leading term I R (r m ) since we are interested in the regular part I R in the strong deflection limit r 0 → r m or b → b c . We should integrate analytically or numerically the regular part
The deflection angle in the strong deflection limit r 0 → r m or b → b c is given by
whereā andb are given byā
III. APPLICATIONS
In this section, we apply our result obtained in the previous section for the Schwarzschild spacetime, the Reissner-Nordström spacetime, and an Ellis wormhole spacetime.
A. Schwarzschild black hole
The line element in the Schwarzschild spacetime is given by
and then respectively.
From Eq. (2.50), we obtain I R (r m ) as 8) and, hence, we obtainb asb
where λ ≡ 216(7 − 4 √ 3). This is the same result obtained in Ref. [16] .
In Ref. [16] , Bozza used a counterpart z [16] of the variable z defined as
We realize that the formalism presented in Sec II to obtain the deflection angle in the strong deflection angle is the same as the one in [16] in the Schwarzschild spacetime since z is equivalent to z [16] :
Iyer and Petters [18] expanded the deflection angle in the Schwarzschild spacetime as an affine perturbation series
where ρ n and σ n are constant. They showed ρ n and σ n clearly for n ≤ 3. This fact shows that the order of the error term of the deflection angle in the strong deflection limit is not
B. Reissner-Nordström black hole
Very recently, Tsukamoto and Gong obtained the deflection angle in the strong deflection limit analytically in the Reissner-Nordström spacetime [27] . They used the variable z defined as Eq. (2.27). We apply the formula of the deflection angle in the strong deflection limit presented in Section II for the Reissner-Nordström spacetime to test the formula.
The line element of the Reissner-Nordström spacetime is given by
and A(r), B(r), and C(r) are given by
14) There is a light sphere at r = r m , where r m is given by
Note that B(r) is finite and positive in the range r ≥ r m since r H < r m .
From Eq. (2.20), the critical impact parameter b c is given by
We obtainā andb as, from Eqs. (2.53) and (2.54), 20) respectively. From Eq. (2.50), the regular integral is given by
Thus, we obtainb asb 25) respectively. Figure 1 shows b c /M,ā, andb as a function of Q/M. These are the same ones obtained in Ref. [27] .
In Ref. [16] , Bozza calculated numerically the counterpart of the regular integral I R (r m ) but could not calculate it analytically without expanding it in powers of (Q/M) 2 . We notice that the variable z [16] in the Reissner-Nordström spacetime becomes
The variable z is better than z [16] in the Reissner-Nordström spacetime because it allows a complete analytical treatment.
In Ref. [26] the deflection angle in the strong deflection limit r 0 → r m in the ReissnerNordström spacetime was obtained numerically. The deflection angle in the strong deflection limit r 0 → r m can be expressed as, in our notation, 27) where
We can obtain the analytic formula of A and B from Eqs. (3.17) , (3.19) , and (3.22) . Table I shows A and B as functions of Q/M. We notice that A and B with our analytic formula reproduce Table 1 of Ref. [26] with high precision. 
C. Ellis wormhole
An Ellis wormhole [75, 76] is one of the simplest Morris-Thorne wormhole solutions [77] .
Gravitational lensing by the Ellis wormhole was investigated [17, 56, [60] [61] [62] [63] [64] [65] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] and the upper bound of the number density [78, 79] was given from surveys of gravitational lensing.
The line element in the Ellis wormhole spacetime is given by
where l is a radial coordinate defined in the range −∞ < l < ∞ and a is a positive constant.
There is a throat at l = 0. We concentrate on a light ray which does not pass the throat and which exists in a region l ≥ 0. The Ellis wormhole has vanishing ADM masses [68] . It is an ultrastatic spacetime since there is a time translational Killing vector with a constant norm. By solving an equation
we find a light sphere at l = 0. Since we have assumed a positive radius of a light sphere in the previous section, we introduce a new radius coordinate r ≡ l + p, where p is a positive constant. The line element is rewritten as
and we obtain A(r) = 1, (3.34)
Under the radial coordinate r, the radius of the light sphere r m = p is positive. The light sphere at r = r m is coincident with the wormhole throat. Please note that one cannot apply the strong deflection limit analysis in Ref. [16] for any ultrastatic spacetime because of the violation of an assumption that A ′ (r) is positive for r > r m while one can apply our result investigated in Sec. II for the Ellis wormhole spacetime with the line element (3.33).
In general, we cannot define the variable z [16] in an ultrastatic spacetime satisfying the asymptotically-flat condition (2.5). respectively. From Eq. (2.50), we can obtain the regular integral I R as
and hence we obtainb = 3 log 2 − π.
The deflection angle is equal to the deflection angle in the strong deflection limit obtained in Ref. [68] . Tsukamoto [68] used a variable z [68] Since z [68] is not equivalent to z defined as Eq. (2.27) and z [16] in the Ellis wormhole spacetime, the calculation which we have presented here can be an additional cross-check for the deflection angle in the strong deflection limit in the Ellis wormhole spacetime. See [68] for the details of the deflection angle in the Ellis wormhole spacetime.
IV. CONCLUSION
In this paper, we have investigated a strong deflection limit analysis in a general asymptotically flat, static, spherically symmetric spacetime. The improved strong deflection limit analysis works in ultrastatic spacetimes while the one presented in Ref. [16] does not. As an example of an ultrastatic spacetime, we have investigated the deflection angle in the strong deflection limit in an Ellis wormhole spacetime. Using the improved strong deflection limit analysis, we have obtained the deflection angle in the strong deflection limit analytically in the Reissner-Nordström spacetime while it cannot obtained in Ref. [16] . The most important point of the improvement of the strong deflection limit analysis is the definition of a variable z defined as Eq. (2.27) . In this paper, we have chosen a simple variable z not only in the Schwarzschild spacetime but also in the other spacetimes. We do not insist on that we have chosen the best definition of the variable z in this paper but we show clearly that the choice of the variable z is as important as the choice of the coordinates. We conclude that one should choose a proper variable z for a given spacetime. Even if the variable z defined as Eq. (2.27) is not suitable in a specific spacetime, our strong deflection limit analysis in this paper will give us a clue to find a more proper variable z in the spacetime.
